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Abstract
Let (T (t))t≥0 be a C0 semigroup on a Banach spaceX with infinitesimal generatorA.
In this work, we give conditions for which the spectral mapping theorem σ∗(T (t))\{0} =
{eλs, λ ∈ σ∗(A)} holds, where σ∗ can be equal to the essential, Browder and Kato
spectrum. Also, we will be interested in the relations between the spectrum of A and
the spectrum of the nth derivative T (t)(n) of a differentiable C0 semigroup (T (t))t≥0.
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1 Introduction and Preliminaries
Many equations of mathematical physics can be cast in the abstract form:
u′(t) = Au(t), t ≥ 0, u(0) = u0 (1)
on a Banach space X. Here A is a given linear operator with domain D(A) and the initial
value u0. The semigroups can be used to solve a large class of problems commonly known
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as the Cauchy problem. The solution of (1) will be given by u(t) = T (t)u0 for an operator
semigroup (T (t))t≥0 on X.
In order to understand the behavior of the solutions in terms of the data concerning A, one
seeks information about the spectrum of T (t) in terms of the spectrum of A. Unfortunately
the spectral mapping theorem etσ∗(A) = σ∗(T (t)) \ {0} often fails, sometimes in dramatic
ways. However, the inclusion
etσ∗(A) ⊆ σ∗(T (t)) \ {0} (2)
always holds, where σ∗ ∈ {σ, σe, σb} is the spectrum, essential spectrum or Browder spec-
trum.
A one-parameter family (T (t))t≥0 of bounded operators on a Banach space X is called a C0
semigroup of operators or a strongly continuous semigroup of operators if:
1. T (0) = I.
2. T (t+ s) = T (t)T (s), ∀t, s ≥ 0.
3. lim
t→0
T (t)x = x, ∀x ∈ X.
(T (t))t≥0 has a unique infinitesimal generator A defined on the domain D(A) by:
Ax = lim
t→0
T (t)x− x
t
,∀x ∈ D(A),
D(A) = {x ∈ X : lim
t→0
T (t)x− x
t
exists}.
Also, A is a closed operator, see [2, 3].
We introduce the following operator acting on X and depending on the parameters λ ∈ C
and t ≥ 0:
Bλ(t)x =
∫ t
0 e
λ(t−s)T (s)xds, x ∈ X
It is well known that Bλ(t) is a bounded linear operator from X to D(A) and we have
([2, 3]):
a. (eλt − T (t))nx = (λ−A)nBnλ (t)x, ∀x ∈ X,n ∈ N;
b. (eλt − T (t))nx = Bnλ (t)(λ−A)nx, ∀x ∈ D(An), n ∈ N;
c. R((eλt − T (t))n) ⊆ R((λ−A)n);
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d. N((λ−A)n) ⊆ N(eλt − T (t))n.
The semigroup (T (t))t≥0 is called differentiable for t > t0 if for every x ∈ X, t 7−→ T (t)x is
differentiable for t > t0. (T (t))t≥0 is called differentiable if it is differentiable for t > 0. If
(T (t))t≥0 is differentiable, Bλ(t)x is differentiable and B
′
λ(t)x = T (t)x+ λBλ(t)x.
Let (T (t))t≥0 be a C0-semigroup differentiable on X with infinitesimal generator A. We
have ([3]):
a. (λeλt −AT (t))x = (λ−A)B′λ(t)x, ∀x ∈ X;
b. (λeλt −AT (t))x = B′λ(t)(λ−A)x, ∀x ∈ D(A);
Let ∆ = {z ∈ C : α1 < arg z < α2}, −pi2 < α1 < α2 < pi2 , and for z ∈ ∆ let T (z) be a
bounded linear operator. The family (T (z))z∈∆ is an analytic semigroup in ∆ if
i. z 7→ T (z) is analytic in ∆.
ii. T (0) = I and lim
z→0
T (z)x = x for every x ∈ X.
iii. T (z1 + z2) = T (z1)T (z2) for z1, z2 ∈ ∆.
A semigroup (T (t))t≥0 will be called analytic if it is analytic in some sector ∆ containing
the nonnegative real axis.
One of the classical approaches to finding information about the solution T (t) is to study the
spectrum of the semigroup directly. In several applications, we have the explicit expression
of the generator A. Thus we need information on the spectrum of the semigroup T (t) in
terms of that of the generator A. In addition, the study of the spectral mapping theorem
for the different parts of the spectrum proves to be essential.
The spectral inclusions for various reduced spectra of a differentiable C0 semigroup were
studied by A. Tajmouati et. al [5][6]. But, the equality (spectral mapping theorem) is not
examined. So it is natural to ask the question: can we establish equality?
In this work, we will continue in this direction, we will prove, under some conditions, the
spectral equality for C0 semigroup for essential spectrum, Browder spectrum, upper(lower)semi-
Fredholm spectrum. Also, we give an affirmative answer to the question we just asked.
2 C0 semigroup
Throughout, X denotes a complex Banach space, let A be a closed linear operator on X
with domain D(A), we denote by A∗, R(A), N(A), σap(A), σs(A), ρ(A) and σ(A), respec-
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tively the adjoint, the range, the null space, the approximate point spectrum, the surjective
spectrum, the resolvent set and the spectrum of A.
We start by the following results, they will be needed in the sequel.
Lemma 1 Let (T (t))t≥0 be a C0 semigroup on X with infinitesimal generator A. Suppose
that there exists t0 > 0 such that AT (t0) is bounded. Then (T (t)|F )t≥0 is a uniformly
continuous C0 semigroup on X, where F = N(e
λs − T (s)), λ ∈ C, s > 0.
Proof. It is clear that F is a closed subspace of X, A-invariant and T (t)-invariant, fur-
thermore D(A|F ) = D(A) ∩ F ⊆ F . Let x ∈ F and xn = n
∫ t+ 1
n
t
T (s)xds ∈ D(A) ∩ F ,
xn −→
n→∞
0, so that D(A|F ) = F . Let us show that A|F is bounded. Let µ ∈ ρ(A), then
R(µ,A|F ) is bounded below. Indeed: If not, there exists (xn)n ⊂ F such that ‖ xn ‖= 1
and R(µ,A|F )xn −→
n→∞
0. Since AT (t0) is bounded, then (µ−A|F )T (t0)R(µ,A|F )xn −→
n→∞
0.
So, T (t0)xn −→
n→∞
0.
If t ≥ t0, then T (t)xn = T (t0)T (t−t0)xn = T (t−t0)T (t0)xn → 0, then eλtxn = T (t)xn → 0,
which is impossible.
If 0 < t < t0, there exists p ∈ N∗ such that pt > t0, then T (pt)xn = (T (t))pxn =
T (pt− t0)T (t0)xn → 0, so epλtxn = (T (t)p)xn → 0, then xn → 0 which contradicts the fact
that ‖ xn ‖= 1. Hence, there existsM ∈ R+ such that for all x ∈ F ‖ R(µ,A)x ‖≥M ‖ x ‖.
Whence, for all x ∈ D(A|F )
‖ R(µ,A)(A − µ)x ‖≥M ‖ (A− µ)x ‖.
Which gives
‖ A|Fx ‖≤ (|µ|+M−1) ‖ x ‖
Now, let x ∈ F = D(A|F ), there exists (up)p ⊂ D(A|F ), up → x. For all p, q ∈ N,
‖Aup −Auq‖ ≤ (|λ0|+ C−1) ‖ up − uq ‖
Hence is a Cauchy sequence on X, so converge. Since A is a closed operator, then x ∈
D(A|F ). Hence the result.
A closed linear operator A is called an upper semi-Fredholm (resp, lower semi Fredholm) if
dimN(A) < ∞ and R(A) is closed (resp, codimR(A) < ∞). A is a Fredholm operator if
it is a lower and upper semi-Fredholm operator, The essential spectrum of T is defined by :
σe(T ) = {λ ∈ C : T − λI is not a Fredholm operator};
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We denote by σlf (T ) and σuf (T ), respectively the lower and upper semi-Fredholm spectra
which are defined in the same manner.
Theorem 1 Let (T (t))t≥0 be a C0 semigroup on X with infinitesimal generator A. Suppose
that there exists t0 > 0 such that AT (t0) is bounded. Then
σuf (T (t))\{0} = {eλs, λ ∈ σuf (A)}
If X is reflexive, we have :
σlf (T (t))\{0} = {eλs, λ ∈ σlf (A)}
σe(T (t))\{0} = {eλs, λ ∈ σe(A)}
Proof. Let µ = eλt /∈ σuf (T (t)), then dimN(eλt − T (t)) < ∞ and R(eλt − T (t)) is closed.
According [5, Lemma 2.3], R(λ − A) is closed. Since N(λ − A) ⊆ N(eλt − T (t)), we have
dimN(λ−A) <∞. Then λ−A is upper semi-Fredholm. Therefore
{eλt, λ ∈ σuf (A)} ⊆ σuf (T (t))\{0} (1).
Now, let µ ∈ σuf (T (t))\{0} and F = N(µ − T (t)), then F is an A-invariant and T (t)-
invariant closed subspace of X. From lemma 1, A|F is a bounded operator that generates
the C0 semigroup (T (t)|F )t≥0. By (1), we have
{eλt, λ ∈ σuf (A|F )} ⊆ σuf (T (t)|F )\{0} .
Since A|F is bounded, then σuf (A|F ) 6= ∅. Let λ0 ∈ σuf (A|F ), then eλ0t ∈ σuf (T (t)|F ) ⊆
σ(T (t)|F ) = {µ}. Then µ = eλ0t ∈ {eλt, λ ∈ σuf (A|F )}.
Now, let’s show that λ0 ∈ σuf (A). If λ0 /∈ σuf (A), so A − λ0 is upper semi Fredholm,
then dimN(λ0 −A) < ∞ and R(λ0 − A) is closed. Since N(λ0 − A|F ) ⊆ N(λ0 − A), then
dimN(λ0 − A|F ) < ∞. Let (λ0 − A|F )xn −→ y with (xn)n ⊆ F . Since R(λ0 − A) is
closed, then there exists x ∈ D(A) such that y = (λ0 − A)x. Bλ0(t) is bounded, so that
then Bλ0(t)(λ0 −A|F )xn −→ Bλ0(t)(λ0 − A)x, then (µ − T (t))xn −→ (µ − T (t))x. Hence,
(µ− T (t))x = 0, consequently x ∈ F and y ∈ R(λ0 −A|F ), which is absurd. Thus
σuf (T (t))\{0} = {eλt, λ ∈ σuf (A)}.
We now turn to the second statement. Since A is the generator of the C0 semigroup
(T (t))t≥0, then A
∗ is the generator of the C0 semigroup (T
∗(t))t≥0. Then
σuf (T
∗(t))\{0} = {eλt, λ ∈ σuf (A∗)}.
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By duality, we have
σlf (T (t))\{0} =
{
eλt, λ ∈ σlf (A)
}
and consequently
σe(T (t))\{0} = {eλt, λ ∈ σe(A)}.
Recall that the ascent of A is defined as asc(A) = inf{n ∈ N : N(An) = N(An+1)} and the
descent of A is defined as des(A) = inf{n ∈ N : R(An) = R(An+1)}. Where inf ∅ =∞. We
say that a closed operator A is upper semi-Browder if it is upper semi-Fredholm and has
finite ascent. Similarly, A is lower semi-Browder if it is lower semi-Fredholm and has finite
descent. A is Browder if it is both lower and upper semi-Browder. Equivalently, this means
that A is Fredholm and has finite both ascent and descent.
The Browder spectrum of T is defined by :
σb(T ) = {λ ∈ C : T − λI is not a Browder operator}.
Also, we denote by σlb(T ) and σub(T ), respectively the lower and upper semi-Browder
spectra which are defined in the same manner.
The following corollary is an immediate consequence of the previous theorem.
Corollary 1 Let (T (t))t≥0 be a C0 semigroup on X with infinitesimal generator A. Suppose
that there exists t0 > 0 such that AT (t0) is bounded and X is reflexive. Then
σub(T (t))\{0} = {eλt, λ ∈ σub(A)}
If X is reflexive, we have :
σlb(T (t))\{0} = {eλt, λ ∈ σlb(A)}
σb(T (t))\{0} = {eλt, λ ∈ σb(A)}
Since every differentiable C0 semigroup matches the condition of the Theorem 1, we have
the following result.
Corollary 2 Let (T (t))t≥0 ba a differentiable C0 semigroup on X with infinitesimal gener-
ator A. Then
σ∗(T (t))\{0} = {eλs, λ ∈ σ∗(A)}
with σ∗ ∈ {σuf , σlf , σf , σub, σlf , σb}.
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Remark 1 Note that the inclusion {eλt, λ ∈ σ∗(A)} ⊆ σ∗(T (t))\{0}, where σ∗ = σe, σuf , σlf , σub, σlb, σb
holds in the general setting where T (t) is a C0 semigroup. This inclusion is strict as shown
in the following example.
Example 1 Consider the translation group on the space C2pi(R) of all 2π periodic contin-
uous functions on R and denote its generator by A (see [2, Paragraph I.4.15]). From [2,
Examples 2.6.iv] we have, σ(A) = iZ, then etσ(A) is at most countable, therefore etσ∗(A) are
also. The spectra of the operators T (t) are always contained in Γ = {z ∈ C : |z| = 1} and
contain the eigenvalues eikt for k ∈ Z. Since σ(T (t)) is closed, it follows from [2, Theorem
IV.3.16] that σ(T (t)) = Γ whenever t/2π /∈ Q, then σ(T (t)) is not countable, so σ∗(T (t))
are also. Therefore the inclusions of the Remark 1 are strict. According Corollary 2, the
semigroup (T (t))t≥0 is not differentiable.
Example 2 On C([0, 1]) we consider the operator B given by
Bu := mu′′ + qu′
where m(0) = m(1) = 0,
√
m ∈ C1[0, 1], q ∈ C[0, 1], and q/√m is bounded in ]0, 1[. The
operator (B,D(B)) generates an analytic semigroup (T (t))t≥0 of angle
pi
2 in C[0, 1], see [3,
Theorem 4.20], where D(B) := {u ∈ C[0, 1]∩C2(0, 1) : Bu ∈ C[0, 1]}. Since (T (t))t≥0 is an
analytic semigroup, (T (t))t≥0 matches the condition of the Theorem 1, then
σb(T (t))\{0} = {eλs, λ ∈ σb(B)};
σe(T (t))\{0} = {eλs, λ ∈ σe(B)}.
Next, let A be a closed linear operator, A is said to have the single valued extension property
at λ0 ∈ C (SVEP) if for every open neighborhood U ⊆ C of λ0, the only analytic function
f : U −→ D(A) which satisfies the equation (A− zI)f(z) = 0 for all z ∈ U is the function
f ≡ 0. A is said to have the SVEP if A has the SVEP for every λ ∈ C.
Recall that a closed operator A is said to be semi-regular if R(A) is closed and N(A) ⊆
R∞(A), where R∞(A) =
⋂
n≥0R(A
n). The semi-regular spectrum of A is defined by:
σk(A) = {λ ∈ C : A− λI is not semi-regular }.
We have the following result.
7
Proposition 1 Let (T (t))t≥0 be a C0 semigroup on X with infinitesimal generator A. Then
{eλs, λ ∈ σk(A)} ⊆ σk(T (t))\{0} ⊆ {eλs, λ ∈ σap(A)}
Furthermore, if A∗ has the SVEP, we have
{eλs, λ ∈ σk(A)} = σk(T (t))\{0}
Proof.
According to [1, Theorem 2.2], we have the inclusion {eλs, λ ∈ σk(A)} ⊆ σk(T (t))\{0}.
Now, let µ ∈ σk(T (t))\{0} and F = N(µ−T (t)), then F is an A-invariant and T (t)-invariant
closed subspace of X. From lemma 1, A|F is a bounded operator that generates the C0
semigroup (T (t)|F )t≥0. We have
{eλt, λ ∈ σk(A|F )} ⊆ σk(T (t)|F )\{0} .
Since A|F is bounded, then σk(A|F ) 6= ∅. Let λ0 ∈ σk(A|F ), then eλ0t ∈ σk(T (t)|F ) =
σ(T (t)|F ) = {µ}. Then µ = eλ0t ∈ {eλt, λ ∈ σk(A|F )} ∪ {0}. Now, let us show that
λ0 ∈ σ∗(A). If λ0 /∈ σ∗(A), so λ0 /∈ σ∗(A|F ), then λ0 /∈ σk(A|F ), absurd. 
The following corollary is an immediate consequence of the previous proposition.
Corollary 3 Let (T (t))t≥0 be a C0 semigroup on X with infinitesimal generator A. If X
is reflexive and A has the SVEP, then
{eλs, λ ∈ σk(A)} = σk(T (t))\{0}
3 Differentiable C0 semigroup
Lemma 2 Let (T (t))t≥0 ba a differentiable C0 semigroup on X with infinitesimal generator
A. Let F = N(µ−AT (t)), µ ∈ σ(AT (t))\{0}. Then (T (t)|F )t≥0 is a uniformly continuous
C0-semigroup on X with infinitesimal generator A|F .
Proof. For all x ∈ F ,
(µ −AT (t))T (s)x = µT (s)x−AT (t)T (s)x
= T (s)(µ−AT (t))x = 0
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For all x ∈ F ∩D(A),
(µ−AT (t))Ax = µAx−AT (s)Ax
= A(µ −AT (t))x = 0
Hence F is a closed subspace of X, A-invariant and T (t)-invariant. D(A|F ) = F . Indeed:
Let x ∈ F and xp = p
∫ t+ 1
p
t
T (t)xdx p ≥ 1, then xp ∈ D(A) ∩ F = D(A|F ) and xp −→ x,
p → +∞. Then x ∈ D(A|F ), so D(A|F ) = F . Let us show that A|F is bounded. Let
λ0 ∈ ρ(A|F ), then R(λ0, A|F ) is bounded below, indeed: If not, there exists (xp)p ⊂ F such
that ‖ xp ‖= 1 and R(λ0, A|F )xp → 0, where p → +∞. Since (T (t))t≥0) is differentiable,
then AT (t0) is bounded, it is the same for (λ0 − A)AT (t). (λ0 − A)AT (t)R(λ0, A|F )xp =
AT (t)xp → 0, where p → +∞. So, T (t0)xn → 0, where n → +∞, then xp → 0 which
contradicts the fact that ‖ xn ‖= 1. Hence, there exists C > 0 such that for all x ∈ F
‖ R(λ0, A|F )x ‖≥ C ‖ x ‖. Then, for all x ∈ D(A|F )
‖ Ax ‖≤ (|λ0|+ C−1) ‖ x ‖
Hence the result. 
Theorem 2 Let (T (t))t≥0 ba a differentiable C0 semigroup on X with infinitesimal gen-
erator A. Then for t > 0, we have
σ(AT (t)) ∪ {0} = {λeλt, λ ∈ σ(A) ∪ {0}}
σap(AT (t)) ∪ {0} = {λeλt, λ ∈ σap(A) ∪ {0}}
Proof. From [3, Lemma 4.6], we have {λeλt, λ ∈ σ(A)} ⊆ σ(AT (t)). Let µ ∈ σ(AT (t))\{0}.
From lemma 2 (T (t)|F )t≥0 is a uniformly continuous C0-semigroup on X with infinitesimal
generator A|F where F = N(µ−AT (t)), µ ∈ σ(A(t))\{0}. Then, T (t)|F = etA|F . Since the
function f : z −→ zetz is analytic on C, from the spectral mapping theorem we have:
σ((AT (t))|F ) = σ(A|FT (t)|F ) = σ(A|F e
tA|F ) = σ(f(A|F )) = f(σ(A|F )).
A|F is bounded, then σ(A|F ) 6= ∅. Let λ0 ∈ σ(A|F ), then λ0etλ0 = f(λ0) ∈ σ((AT (t))|F ) =
{µ}. Therefore, µ = λ0etλ0 . Now, let us show that λ0 ∈ σ(A). If λ0 − A is bijective, so
λ0 −A|F is injective. Let y ∈ F , λ0 −A is surjective, then there exists x ∈ D(A) such that
y = (λ0 − A)x, since y ∈ F then (λ0eλ0t −AT (t))y = (λ0 − A)B′λ0(t)x = 0, so B′λ0(t)y = 0
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and as a result (λ0e
λ0t −AT (t))y = (λ0 −A)B′λ0(t)x = 0, thus x ∈ F . Hence, λ0 ∈ ρ(A|F ),
absurd. Therefore,
σ(AT (t)) ∪ {0} = {λeλt, λ ∈ σ(A) ∪ {0}}.
Now, let λ0 ∈ σap(A), then there exists (xp)p ⊂ D(A) such that ‖ xp ‖= 1 and (λ0 −
A)xp −→ 0 where p → +∞. We have B′λ0(t) is bounded, then (λ0eλ0t − AT (t))xp =
B′λ0(t)(λ0 −A)xp −→ 0 where p→ +∞. Therefore λ0eλ0t ∈ σap(AT (t)). So, we have
{λeλt, λ ∈ σap(A) ∪ {0}} ⊆ σap(AT (t)) ∪ {0}
Let µ ∈ σap(AT (t))\{0}. Since σap((AT (t))|F ) = σ(AT (t)|F ) = f(σap(A|F )) = {µ}. A|F is
bounded, then σap(A|F ) 6= ∅. Let λ0 ∈ σap(A|F ), then µ = λ0eλ0t. We have λ0 ∈ σap(A).
Indeed: suppose that λ0 /∈ σap(A), then λ0−A is injective with closed range, so λ0−A|F is
injective. Let (λ0−A|F )xn −→ y. Since R(λ0−A is closed then there exists x ∈ D(A) such
that y = (λ0−A|F )x. B′λ0(t) is bounded, then B′λ0(t)(λ0−A|F )xn −→ B′λ0(t)(λ0−A|F )x =
(λ0e
λ0t − AT (t)x)x. xn ∈ F , then B′λ0(t)(λ0 − A|F )xn = 0. Then x ∈ F . Therefore
λ0 ∈ ρap(A|F ), absurd. Consequently, σap(AT (t)) ∪ {0} = {λeλt, λ ∈ σap(A) ∪ {0}}. 
Corollary 4 Let (T (t))t≥0 ba a differentiable C0 semigroup on X with infinitesimal gener-
ator A. Then for t > 0, we have
∀n ∈ N,∀t > 0 σ∗(T (t)(n)) ∪ {0} = {λneλt, λ ∈ σ∗(A) ∪ {0}}
where σ∗ = σ, σap
Proof. Let n ∈ N, t > 0. Since (T (t))t≥0 is a differentiable C0 semigroup, then T (t)(n) is a
bounded operator, furthermore
T (t)(n) = AnT (t) =
(
AT
(
t
n
))n
.
From the spectral mapping theorem, we have
σ∗(T (t)
(n)) ∪ {0} = σ∗
(
AT
(
t
n
))n
∪ {0} =
{
µn : µ ∈ σ∗
(
AT
(
t
n
))}
{0}
=
{(
λeλ
t
n
)n
, λ ∈ σ∗(A) ∪ {0}
}
= {λneλt, λ ∈ σ∗(A) ∪ {0}}.
Example 3 Let X := ℓp and Mq be the multiplication operator defined by Mq(xn)n∈N =
(qnxn)n∈N with q = (qn)n∈N and qn = −n + in2. Then σ(Mq) = {qn : n ∈ N}. From [2,
Counterexamples II.4.16] the semigroup (Tq(t))t≥0 generated by Mq is differentiable. By
Corollary 4, for t > 0, we have σ(Tq(t)
(p)) ∪ {0} = {(−n + in2)pet(−n+in2) : n ∈ N}.
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Example 4 Consider the heat equation in Lp(0, π).


∂u
∂t
(t, x) =
∂2u
∂x2
(t, x), (t, x) ∈ R+ × (0, π)
u(t, 0) = 0 = u(t, π), t ≥ 0
u(0, x) = f(x) x ∈ (0, π) .
Let p > 2. On X = Lp(0, π) consider the operator defined by
Af(x) = f ′′(x)
with domain D(A) =W 2,p(0, π) ∩W 1,p0 (0, π), x ∈ (0, π) where
W 1,p0 = {f ∈W 1,p(0, π) : f(0) = 0 = f(π)}.
The operator A is self-adjoint. The corresponding semigroup (T (t))t≥0 is analytic, so is
differentiable.
For each f ∈W 2,p(0, π) ∩W 1,p0 (0, π) the unique solution of the equation is given by
u(t, x) = (T (t)f)(x).
The spectrum of A is σ(A) = {−n2;n ≥ 1}. Since int(σ(A)) = ∅, then A and A∗ have
SVEP. So, σ(A) = σk(A) = σap(A) = σsu(A).
From Proposition 1, we have σk(T (t)) ∪ {0} = {e−tn2 , n ≥ 1} ∪ {0}.
Also, by Corollary 4, we have
σ(T (t)(p)) ∪ {0} = σap(T (t)(p)) ∪ {0} = {(−1)pn2pe−tn2 , n ≥ 0}.
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